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Abstract
This paper deals with a common generalization of nearness spaces as defined by Herrlich in
1974 and supertopological spaces as defined by Doitchinov in 1964. We call the so obtained spaces
supernearness spaces, and they are closely related to topological extensions.
Moreover we are going to characterize those supernearness spaces which can be extended to
topological ones.  2002 Published by Elsevier Science B.V.
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1. Introduction
Doitchinov introduced the notion of supertopological spaces in 1964 in order to
construct a unified theory of topological, proximity and uniform spaces. To obtain a
topological category in the sense of Herrlich, Tozzi and Wyler change slightly the definition
to have a unique supertopological structure on a singleton, and on the empty set, in
agreement with Doitchinov. Thus, a supertopology on a set X is a pair (M, θ), where
M is a subset of the power PX and θ is a map θ :M→ FIL(X) to the set of all filters on
X, such that:
(i) M contains DX := {∅} ∪ {{x} | x ∈X},
(ii) A′ ⊂A ∈M implies A′ ∈M,
(iii) θ(∅)=PX,
(iv) A ∈M and U ∈ θ(A) imply U ⊃A,
(v) A′ ⊂A ∈M implies θ(A)⊂ θ(A′),
(vi) A ∈M and U ∈ θ(A) imply there exists a set V ∈ θ(A) such that always U ∈ θ(B)
for each B ∈M with B ⊂ V .
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Doitchinov embedded TOP, the category of topological spaces, and PROX, the category
of proximity spaces, into STOP, the category of supertopological spaces and related maps
by restriction M :=DX and M := PX, respectively. Every supertopology θ on a set M
induces a generalized proximity relation pθ fromM to PX by setting:
Apθ B iff B ∈ sec θ(A), where in general secM is defined by setting:
secM := {B ⊂X | ∀A ∈M B ∩A = ∅}.
In terms of the generalized proximity pθ , the above mentioned axioms become the follow-
ing: The first two ones with respect to M do not change. Additionally we have:
(3) A ∈M and B ⊂X imply A−pθ ∅ and ∅ −pθ B , which means that the empty set is
not in relation to A and it is not in relation to B respectively.
(4) Apθ (B ∪C) iff Apθ B or Apθ C, for A ∈M and subsets B,C ⊂X,
(5) A ∈M, B ⊂X and A∩B = ∅ imply Apθ B ,
(6) If Apθ B and A⊂A′ ∈M then A′pθ B ,
(7) A−pθ B implies there is a set V ⊂X such that A−pθ X \ V and C −pθ B for each
C ∈M with C ⊂ V .
If we drop axiom (vi) or equivalently axiom (7) in the above definitions, we obtain the so
called superneighborhood structures or superproximity structures, respectively.
If we relax this last axiom by the following one:
(LE) Apθ B and B ⊂ clPθ (C) imply Apθ C, where clPθ (C) := {x ∈ X | {x}pθ C}
then we get a Leader superproximity which reduces to the proximity spaces in the sense of
Leader if “additivity” is supposed, that means:
(Add) (B ∪C)pθ A iff B pθ A or C pθ A,
if B ∪C ∈M. Moreover we set M=PX.
So it is possible to describe Leader proximity spaces or topological spaces respectively
as special Leader superproximity spaces (or shortly L-superproximity spaces). Herrlich
has put forth nearness spaces as a useful generalization of contiguity spaces in which the
basic concept is nearness of a collection of subsets of X where no restriction is placed
on the cardinality of the collections. He embeds the categories UNIF of uniform spaces
and related maps and R0 TOP of symmetric topological spaces and continuous maps into
NEAR as bireflective and bicoreflective subcategories respectively.
On the other hand, in the past it has also been of interest to study questions
about extensions of topological spaces and its relationship to some special classes of
supertopologies and nearnesses respectively!
Now, to study unification and extensions in a more general setting we define the category
SUPNEAR of supernearness spaces and related maps and GEXT of generalized extensions
and related morphisms respectively.
Definitions 1.1. For a set X, a subset BX ⊂PX (where PX denotes the set of all subsets
of X) is called a prebornology, or shortly a B-structure, on X, and the elements of BX are
called bounded sets if the following axioms are satisfied:
(B1) B ′ ⊂ B ∈ BX implies B ′ ∈ BX,
(B2) ∅ ∈ BX,
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(B3) x ∈X implies {x} ∈ BX.
Given a pair of B-structures BX and BY on sets X and Y , respectively, a map f :X→ Y
is called bounded iff {f [B] | B ∈ BX} ⊂ BY .
Remark 1.2. The category BOUND whose objects are pairs (X,BX), where X is a set
and BX is a B-structure on X, and whose morphisms are bounded maps is topological,
Cartesian closed and has universal one-point extensions. Hence BOUND is a topological
universe.
Definitions 1.3. For a B-set BX, a function N :BX → P(P(PX)) is called a semi-super-
nearness (or semi-supernear operator) on X, and the pair (BX,N) is called a semi-
supernearness space (semi-supernear space) iff
(SN1) B ∈ BX and X2 X1 ∈N(B) imply X2 ∈N(B); where X2 X1 (X2 corefines
X1) iff for each F2 ∈X2 there exists F1 ∈X1 such that F1 ⊂ F2,
(SN2) N(∅)= {∅} and BX /∈N(B) for each B ∈ BX,
(SN3) B ′ ⊂ B ∈ BX imply N(B ′)⊂N(B),
(SN4) x ∈X implies {{x}} ∈N({x}),
(SN5) B ∈ BX and X1 ∨X2 ∈N(B) imply X1 ∈N(B) or X2 ∈N(B); where
X1 ∨X2 := {F1 ∪ F2 | F1 ∈ X1,F2 ∈X2}.
Elements of N(B) are called B-near collections.
Given a pair of semi-supernearness spaces (BX,NX), (BY ,NY ), a bounded map
f :X→ Y is called a supernear map or shortly sn-map iff
(sn) B ∈ BX and X ∈NX(B) imply {f [F ] | F ∈ X } ∈NY (f [B]).
A map will also be referred to as a supernear map by saying it preserves near collections
in the above sense. We denote by SSUPNEAR the category whose objects are the
semi-supernearness spaces and whose morphisms are the functions which preserve near
collections.
Examples 1.4.
(i) For a superproximity structure p on BX, we put for B ∈ BX:
Np(B) := {X |X ⊂ p(B)}, where p(B) := {F ⊂X | B pF },
(ii) For a seminearness space (X, ξ) we put BX :=PX and define
Nξ(B) :=
{ {∅} if B = ∅,
{X | {B} ∪X ∈ ξ} otherwise.
(iii) GEXT denotes the category whose objects are triples (e,BX,Y )—called general-
ized extensions—where X = (X, clX), Y = (Y, clY ) are topological spaces (given
by closure operators) with B-set BX and e :X → Y is a function satisfying the
following conditions:
(E1) A ∈ PX implies clX(A) = e−1[clY (e[A])]; where e−1 denotes the inverse
image under e,
(E2) clY (e[X]) = Y , which means that the image of X under e is dense in Y .
Morphisms in GEXT have the form (f, g) : (e,BX,Y )→ (e′,BX′, Y ′), where
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f :X→X′, g :Y → Y ′ are continuous maps such that f is bounded, and the
following diagram commutes:
X
e
f
Y
g
X′
e′ Y
′
If
(f, g) :
(
e,BX,Y )→ (e′,BX′, Y ′),(
f ′′, g′′
)
:
(
e′,BX′, Y ′)→ (e′′,BX′′, Y ′′)
are GEXT-morphisms, then they can be composed according to the rule (f ′, g′) ◦ (f, g) :=
(f ′ ◦ f,g′ ◦ g) : (e,BX,Y )→ (e′′,BX′′, Y ′′), where “◦” denotes the composition of maps.
Now for each B ∈ BX we put:
NGEXT(B) :=
{ {∅} if B = ∅,
{X | y ∈⋂{clY (e[F ]) | F ∈X } for some y ∈ e[B]} otherwise.
Remark 1.5. Observe that axiom (E1) in the definition of a generalized extension is
automatically satisfied if e :X → Y is a topological embedding with respect to the
topologies determined by the closure operators clX and clY . Thus, the objects of GEXT
are a generalisation of what is usually referred to in the literature as an extension, since
moreover no symmetry axiom is needed! On the other hand we recall that each topology
“cl” on a given set defines a compatible Leader proximity p on it by setting B pA iff
B ∩ cl(A) = ∅.
Analogously—with respect the above definitions—each generalized extension gives rise
to a functorial relationship between GEXT and SSUPNEAR.
Definition 1.6. A semi-supernearness space (BX,N) is called a supernearness space or
shortly supernear space, iff N satisfies the following axiom:
(S) B ∈ BX and {clN(F ) | F ∈ X } ∈ N(B) imply X ∈ N(B), where clN(F ) := {x ∈
X | {{x},F } ∈N({x})}. Note that clN is always topological!
Remark 1.7. With respect to Example 1.4(i), every Leader superproximity p on BX
defines in this natural way a supernear operator on BX. Now, let us call a supernearness N
proximal iff
B ∈ BX implies
⋃
N(B) ∈N(B),
where
⋃
N(B) := {F ⊂X | ∃X ∈N(B),F ∈X}. (prox)
By setting B qM A iff {A} ∈ M(B) for a given proximal supernearness M , we get a
bijection between the set of all LEADER superproximities and all proximal supernear
operators on BX. With respect to the corresponding morphisms this yields an isomorphism
between the above mentioned categories. Moreover with respect to Example 1.4(ii), every
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nearness ζ on PX defines in this way a supernear operator on PX. Now, let us call a
supernearness N on PX proxigenous iff
B ∈ PX \ {∅} and X ∈N(B) imply {B} ∪X ∈ ηN . (proxg)
By setting A ∈ ηM iff A ∈⋂{M(A) | A ∈ A} for a given proxigenous supernearness M
we get a bijection between the set of all nearness structures and all proxigenous supernear
operators on PX.
With the respect to the corresponding morphisms this yields an isomorphism between
the category NEAR and the corresponding category of proxigenous supernearness spaces.
Since UNIF (= uniform spaces and uniformly continuous maps) can be fully embedded
into the category NEAR, as Herrlich has pointed out in his fundamental paper “A concept
of nearness” in 1974 our new concept of supernearness spaces is a common generalisation
of supertopological, Leader proximity and uniform spaces, too.
2. Generalized extensions and related supernear operators
Lemma 2.1. Let (e,BX,Y ) be a GEXT-object. Then NGEXT as defined in Example 1.4(iii)
is a supernear operator on BX with the property that clX = clNGEXT (see Definition 1.6).
Moreover NGEXT is pointed, which means that NGEXT satisfies the additional axiom,
namely:
B ∈ BX\{∅} implies N(B)=
⋃{
N({x}) | x ∈ B}. (p)
Proof. First, we show the equality of the closure operators. So, let A ∈ PX and x ∈
clX(A). Then, by (E1) e(x) ∈ clY (e[A]) ∩ clY ({e(x)}), hence {{x},A} ∈ NGEXT({x}).
Thus x ∈ clNGEXT(A). Conversely, let x ∈ clNGEXT (A). Then {{x},A} ∈ NGEXT({x}) which
implies y ∈ clY (e[A])∩ clY ({e(x)}) for some y ∈ e[{x}] = [(e(x))], hence y = e(x). This
implies e(x) ∈ clY (e[A]), and as a consequence of (E1) we get x ∈ e−1[clY (e[A]) ⊂
clX(A), which was to be proven. Secondly it is easy to check the axioms (SN1) to (SN5).
To (S): Let B ∈ BX and {clNGEXT (F ) | F ∈ X } ∈ NGEXT(B). We can suppose, without
loss of generality, that B is not empty. Then there exists y ∈ e[B] such that y ∈⋂{clY (e[clNGEXT(F )] | F ∈ X }.
Assume that X /∈ NGEXT(B). Then y /∈ ⋂{clY (e[F ]) | F ∈ X }, which implies y /∈
clY (e[F ′]) for some F ′ ∈ X . Consequently, with respect to the first part of the
proof, we obtain y /∈ clY (e[clNGEXT (F ′)] = clY (e[clX(F ′)]), because clY (e[clX(F ′)]) ⊂
clY (clY (e[F ′])) according to (E1). But this is a contradiction and thereforeX /∈NGEXT(B).
By definition NGEXT is automatically pointed!
(See also Lemma 2.1). ✷
Theorem 2.2. Let F : GEXT→ SUPNEAR be defined by:
(a) For a GEXT-object (e,BX,Y ) we put F(e,BX,Y ) := (BX,NGEXT).
(b) For a GEXT-morphism (f, g) : (e,BX,Y )→ (e′,BX′, Y ′) we put: F(f,g) := f .
Then F : GEXT → SUPNEAR is a functor, where SUPNEAR denotes the corresponding
category.
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Proof. With respect to Lemma 2.1, we already know that F(e,BX,Y ) is an object
of SUPNEAR. Let (f, g) : (e,BX,Y ) → (e′,BX′, Y ′) be a GEXT-morphism such that
F(e,BX,Y ) = (BXNGEXT), and F(e′,BX′, Y ′) = (BX′,N ′GEXT). It has to be shown that
f : (BX,NGEXT)→ (BX′,N ′GEXT) preserves near collections. Without loss of generality,
let B ∈ BX \ {∅} and X ∈ NGEXT(B). By definition there exists y ∈ e[B] such that
y ∈⋂{clY (e[F ]) | F ∈ X }. Our goal is to verify that {f [F ] | F ∈ X } ∈ NGEXT(f [B]).
By supposition we have g(y) ∈ g[e[B]] = e′[f [B]]. On the other hand, let D ∈ {f [F ] |
F ∈ X } be an element. We have to verify that g(y) ∈ clY ′(e′[D]). As D = f [F ] for some
F ∈ X , y ∈ clY (e[F ]).
Consequently, g(y) ∈ [clY (e[F ])] ⊂ clY ′(g[e[F ]]) = clY ′(e′[f [F ]]) = clY ′(e′[D]),
which results in {f [F ] | F ∈ X } ∈N ′GEXT(f [B]). ✷
3. Supernear operators and related generalized extensions
In the previous paragraph we have found a functor from GEXT to SUPNEAR. Now we
are going to introduce a related functor from SUPNEAR to GEXT. The following definition
is a first step for this goal.
Definition 3.1. Let (BX,N) be a supernearness space and let ∅ = B ∈ BX be a bounded
set. A subset C ⊂ PX is called a N -clan in B provided that the following axioms are
satisfied:
(cla1) stack C = C; where stack C := {F ⊂X | ∃C ∈ C,F ⊃ C},
(cla2) C1 ∪C2 ∈ C implies C1 ∈ C or C2 ∈ C ,
(cla3) ∅ /∈ C ,
(cla4) clN(C) ∈ C implies C ∈ C ,
(cla5) C = ∅,
(cla6) C ∈N(B),
(cla7) B ∈ sec{clN(C) | C ∈ C}.
Example 3.2. Let (BX,N) be a supernear space and let x ∈ X be an element. If we
put eX(x) := {A ⊂ X | x ∈ clN(A)}, then eX(x) is a N -clan in {x}. Moreover, eX(x) is
a maximal element of the set N({x}) \ {∅}, ordered by the natural inclusion.
Proof. It is simple to verify that eX(x) satisfies the axioms (cla1) to (cla5) + (cla7).
To (cla6): On the other hand {clN(T ) | T ∈ eX(x)} corefines {{x}} ∈ N({x}) (according
to (SN4)), hence {clN(T ) | T ∈ eX(x)} ∈ N({x}) with respect to (SN1) and therefore
eX(x) ∈ N({x}) results according to axiom (S). It remains to show the maximality of
eX(x). To this end, let X ∈ N({x}) be nonempty and suppose eX(x) ⊂ X . From F ∈ X
follows that {{x},F }  X (note that {x} ∈ X by the assumption). With respect to (SN1)
we get {{x},F } ∈ N({x}), so that x ∈ clN(F ). This means that F ∈ eX(x). Therefore
eX(x)=X , which proves the maximality of eX(x). ✷
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Remark 3.3. We also note that for each Leader superproximity space (BX,p) and for
each x ∈ B , p({x}) is an NP -clan in {x}. Recalling the definitions we note that in general
NP (B) is defined by setting: NP (B) := {X |X ⊂ p(B)} with p(B) := {F ⊂X | BpF }.
Axiom (cla1) holds, since the statement (4) is valid.
(cla2) is valid under the same supposition.
(cla3) can be proved in connection with (3).
(cla4) can be seen, since the axiom (LE) holds.
(cla5) and (cla6) are valid according to (5).
At last (cla7) is valid by definition.
Note also, that for each B ∈ BX \ {∅} C(B) := {T ⊂X | B ∩ clNp(T ) = ∅} is a Np-clan
in B .
Lemma 3.4. Let (BX,N) be a supernear space. We put: X̂ := {C ⊂PX | ∃B ∈ BX \ {∅},
C is an N -clan in B} and for each Â ⊂ X̂ we set: clX̂(Â) := {C ∈ X̂ |
⋂
Â ⊂ C}, where⋂
Â := {F ⊂ X | ∀C ∈ Â,F ∈ C} (so that, by convention ⋂ Â= PX if Â= ∅). Then clX̂
is a topological closure operator on X̂.
Proof. First, we note that, for any C ∈ X̂ , C /∈ clX̂(∅) because ∅ /∈ C according to (cla3).
Let Â be a subset of X̂ and suppose C ∈ Â. Then F ∈ ⋂ Â implies F ∈ C , hence
Â⊂ clX̂(Â).
Now, let Â1 ⊂ Â2 ⊂ X̂. Then ⋂ Â2 ⊂⋂ Â1 which yields clX̂(Â1)⊂ clX̂(Â2). Further,
let Â1 and Â2 be subsets of X̂. Let C be an element of X̂ and suppose that C /∈ clX̂(Â1) ∪
clX̂(Â2). Then we have
⋂
Â1 ⊂ C and ⋂ Â2 ⊂ C . Choose F1 ∈⋂ Â1 with F1 /∈ C and
F2 ∈⋂ Â2 with F2 /∈ C . According to (cla2) we get F1∪F2 /∈ C . On the other hand, we have
F1 ∪ F2 ∈ (⋂ Â1)∩ (⋂ Â2)=⋂(Â1 ∪ Â2) according to (cla1), hence C /∈ clX̂(Â1 ∪ Â2).
At last, let C be an element of clX̂(clX̂(Â)) and suppose C /∈ clX̂(Â). Choose F ∈
⋂
Â
with F /∈ C .
By assumption we have
⋂
clX̂(Â)⊂ C , hence F /∈
⋂
clX̂(Â). Choose D ∈ clX̂(Â) with
F /∈D. Then ⋂ Â⊂D. Hence F ∈D, which leads us to a contradiction! ✷
Theorem 3.5. For supernear spaces (BX,N1), (BY ,N2) let f :X → Y be an sn-map.
Define a function f : X̂→ Ŷ by setting for each C ∈ X̂: f̂ (C) := {D ⊂ Y | f−1[clN2(D)] ∈
C}. Then the following statements are valid:
(1) f̂ : (X̂, clX̂)→ (Ŷ , clŶ ) is a continuous map.
(2) The equality f̂ ◦ eX = eY ◦ f holds, where eX :X→ X̂ denotes that function which
assigns the N1-clan eX(x) to each x ∈X.
(3) f C ⊂ f̂ (C) for each C ∈ X̂, where f C := {f [F ]|F ∈ C}.
Proof. First, let C be a N1-clan in B , we must show that f̂ (C) is a N2-clan in f [B]. It is
easy to show that f̂ (C) fulfills the axioms (cla1) to (cla5). In order to show (cla6), let C be
an element of N1(B). We will show that clN2 f̂ (C) f C ∈ N2(f [B]) (note that f is an
sn-map).
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clN2(D) for some D ∈ f̂ (C) implies f−1[clN2(D)] ∈ C , hence
clN2(D)⊃ f
[
f−1
[
clN2(D)
]] ∈ f C.
To (cla7): D ∈ f̂ (C) implies f−1[clN2(D)] ∈ C , hence
B ∩ clN1
(
f−1
[
clN2(D)
]) = ∅
after supposition. It follows that f [B] ∩ f [clN1(f−1[clN2(D)])] = ∅ with
f
[
clN1
(
f−1
[
clN2(D)
])] ⊂ clN2 f (f−1[clN2(D)])
⊂ clN2
(
clN2(D)
)⊂ clN2(D),
hence f [B] ∈ sec{clN2(D) |D ∈ f̂ (C)}.
To (1): let B̂ ⊂ X̂, C ∈ clX̂(B̂) and suppose f̂ (C) /∈ clŶ (f̂ [B̂]). Then
⋂
f̂ [B̂] ⊂ f̂ (C),
hence F /∈ f̂ (C) for some F ∈ ∩f̂ [B̂] which means that f−1[clN2(F )] /∈ C , since
⋂
B̂ ⊂ C
we have f−1[clN2(F )] /∈ D for some D ∈ B̂ . Therefore F /∈ f̂ (D), which leads us to a
contradiction because F ∈⋂ f̂ [B̂].
To (2): Let x be an element of X. We will prove that the equality f̂ (eX(x)) =
eY (f (x)) is valid. To this end, let F ∈ eY (f (x)). Then f (x) ∈ clN2(F ), hence x ∈
f−1[clN2(F )] and consequently f−1[clN2(F )] ∈ eX(x). Thus F ∈ f̂ (eX(x)) which
proves the inclusion eY (f (x)) ⊂ f̂ (eX(x)). Consequently, since eY (f (x)) is maximal
with respect to (N2{f (x)} \ {∅},⊂)—see Example 3.2 (note also that clN2 f̂ (eX(x))
f eX(x) ∈ N2({f (x)}), since by supposition f is a sn-map)—we obtain the desired
equality.
To (3): Let C be an element of X̂ with D = f [F ] for some F ∈ C . Then, according to
(cla1), F ⊂ F−1[D] ⊂ f−1[clN2(D)] ∈ C which yields D ∈ f̂ (C). ✷
Lemma 3.6. Let (BX,N) be a supernear space and B ⊂ X a subset. Then ⋂eX[B] :=⋂{eX(x) | x ∈B} = {F ⊂X | B ⊂ clN(F )}.
Proof. Straightforward! ✷
Theorem 3.7. Let G : SUPNEAR→ GEXT be defined as follows:
(a) For any supernear space (BX,N) we put G(BX,N) := (eX,BX, X̂) with X =
(X, clN) and X̂ = (X̂, clX̂).
(b) For any sn-map f : (BX,N)→ (BY ,N ′) we put G(f ) := (f, f̂ ).
Then G : SUPNEAR→GEXT is a functor.
Proof. With respect to (S) it is straightforward to verify that clN is a topological closure
operator on X. By Lemma 3.4 we also have the topological closure operator clX̂ on X̂.
Therefore we get topological spaces with B-structure BX, and eX :X → X̂ is a map
according to Theorem 3.5.
To (E1): Let A be a subset of X and suppose x ∈ clN(A). Then, by Lemma 3.6,
the inclusion
⋂
eX[A] ⊂ eX(x) follows. This means that eX(x) ∈ clX̂(eX[A]), hence
x ∈ e−1X [clX̂[A]]. Conversely, let x be an element of e−1X [clX̂(eX[A])]. Then by definition
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we have eX(x) ∈ clX̂(eX[A]), and consequently the statement
⋂
eX[A] ⊂ eX(x) results.
By Lemma 3.6 we obtain A ∈ eX(x), which means x ∈ clN(A).
To (E2): Let C ∈ X̂ and suppose C /∈ clX̂(eX[X]). By definition we get
⋂
eX[X] ⊂ C , so
that there exists a set F ∈⋂ eX[X] with F /∈ C . By Lemma 3.6 the inclusion X ⊂ clN(F )
holds.
With respect to (cla5) and (cla1), respectively, we get clN(F ) ∈ C , hence F ∈ C
according to (cla4). But this is a contradiction, hence C ∈ clX̂(eX[X]) holds. ✷
Remark 3.8. We denote by SGEXT the full subcategory of GEXT whose objects are
those triples (e,BX,Y ) for which {clY (e[A]) | A ⊂ X} is a base for closed subsets of Y
(Banaschewski has called these extensions strict).
Theorem 3.9. Let G : SUPNEAR→ GEXT be the functor given in Theorem 3.7. Then the
image of G is contained in SGEXT.
Proof. Let (BX,N) be a supernear space and let G(BX,N) := (eX,BX, X̂). To show that
(eX,BX, X̂) is a strict extension, let C ∈ X̂ and let Â be closed in X̂ with C /∈ Â. Then
C /∈ clX̂(Â) and so
⋂
Â ⊂ C . There exists F ∈⋂ Â such that F /∈ C . Now for each D ∈ Â
we have F ∈D which implies ⋂ eX[F ] ⊂D, and so at last D ∈ clX̂(eX[F ]) results. Since
F /∈ C we have ⋂eX[F ] ⊂ C and so C /∈ clX̂(eX[F ]). ✷
4. Clandetermined supernear spaces
Now it is interesting to see how composite functor F ◦G works on the category POINT-
SUPNEAR of pointed supernearness spaces (see also Lemma 2.1).
Theorem 4.1. Let G : POINT-SUPNEAR→GEXT andF : GEXT→ POINT-SUPNEAR
be the functors given in Theorems 2.2 and 3.7. For each object (BX,N) of POINT-
SUPNEAR let t (BX,N) denote the identity map t (BX,N) := idx :F(G(BX,N)) →
(BX,N). Then t :F ◦G→ 1POINT-SUPNEAR is a natural transformation from F ◦G to the
identity functor 1POINT-SUPNEAR, i.e., idX :F(G(BX,N))→ (BX,N) is a supnear map for
each object (BX,N) and the following diagram
F(G(BX,N1)) idX
F(G(f ))
(BX,N1)
f
F (G(BY ,N2)) idY (BY ,N2)
commutes for each sn-map f : (BX,N1)→ (BY ,N2).
Proof. The commutativity of the diagram is obvious, because F(G(f )) = f . It re-
mains to prove that idX :F(G(BX,N1)) → (BX,N1) is a sn-map for any object
(BX,N1) of POINT-SUPNEAR. To fix the notation, let N be such that F(G(BX,N1))=
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F(eX,BX, X̂) = (BX,N). It suffices to show that for each B ∈ BX \ {∅}, X ∈ N(B) im-
plies X ∈N1(B). To this end assume that X ∈N(B), then there exists C ∈ eX[B] such that
C ∈⋂{clX̂(eX[F ]) | F ∈X }.
We have C = eX(x) for some x ∈ B , hence C ∈ N1({x}) with X ⊂ C , because F ∈ X
implies C ∈ clX̂(eX[F ]) which shows that
⋂
eX[F ] ⊂ C .
Since F ∈⋂ eX[F ] (according to Lemma 3.6), we get F ∈ C . ConsequentlyX ∈N1(B)
results according to (SN1) and (SN3), respectively. ✷
In getting the whole “extension process” we only have to characterize those pointed
supernearness spaces for which t is a natural equivalence.
Definition 4.2. A supernearness space (BX,N) and also the supernear operator N are
called clandetermined if from B ∈ BX \ {∅}, X ∈ N(B) it follows that there exists an
N -clan C in B such that X ⊂ C .
Example 4.3. According to Example 1.4(iii) we point out that NGEXT is automatically
clandetermined. This can be easily seen as follows.
Proof. Let B ∈ BX \ {∅} and let X be an element of NGEXT(B). Then by definition
y ∈⋂{clY (e[F ]) | F ∈ X } for some y ∈ e[B], hence y = e(x) for some x ∈ B .
Put C(x) := {T ⊂X | e(x) ∈ clY (e[T ])}. Then obviouslyX ⊂ C(x). It is straightforward
to verify that C(x) fulfills the axioms (cla1) to (cla5)+ (cla7).
To (cla6): From T ∈ C(x) it follows that e(x) ∈ clY (e[T ]), which means that x ∈
e−1[clY (e[T ])]. By (E1) we get x ∈ clX(T )= clNGEXT (T ) according to Lemma 2.1, which
concludes the proof. ✷
Lemma 4.4. Let ClaPOINT-SUPNEAR denote the full subcategory of POINT-SUPNEAR
whose objects are the clandetermined pointed supernear spaces. Let F and G be the
functors given in Theorems 2.2 and 3.7, and for each object (BX,N) of ClaPOINT-
SUPNEAR let t (BX,N) be given in the same way as in Theorem 4.1. If G is considered
to be restricted to ClaPOINT-SUPNEAR, then F ◦G→ 1ClaPOINT-SUPNEAR is a natural
equivalence from F ◦G to the identity functor 1ClaPOINT-SUPNEAR.
Proof. According to Theorem 4.1 and Example 4.3 it remains to show that for each B ∈
BX \ {∅}, X ∈N1(B) implies X ∈N(B). So, assume that for a non empty bounded set B ∈
BX the statement X ∈N1(B) holds. Since N1 is pointed, there exists x ∈ B such that X ∈
N1({x}). Choose an N1-clan C in {x} with X ⊂ C . We have x ∈⋂{clN1(C) | C ∈ C}, hence
eX(x) ∈ eX[B]. We must show that for each F ∈ X the statement eX(x) ∈ clX̂(eX[F ]) is
valid. For F ∈ X it suffices to prove that the following inclusion ⋂eX[F ] ⊂ C holds. Let
D be an element of
⋂
eX[F ]. Then F ⊂ clN1(D) according to Lemma 3.6. But F ∈ C by
supposition, which implies clN1(D) ∈ C . Now, with respect to (cla4) we get D ∈ C , which
concludes the proof. ✷
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Now we are able to formulate the main theorem of this paper which is a consequence of
the preceding lemmas and theorems respectively.
Theorem 4.5. Let (BX,N) be a pointed supernear space. Then the following statements
are equivalent:
(i) (BX,N) is clandetermined.
(ii) There exists a SGEXT-object (e,BX,Y ) such that for each B ∈ BX \ {∅} the
condition X ∈N(B) holds iff y ∈⋂{clY (e[F ]) | F ∈ X } for some y ∈ e[B].
(iii) There exists a topological space (Y, clY ) and a map f :X → Y which satisfies
clN(A) = f−1[clY (f [A]) for each A ∈ PX, f [X] is dense in Y , and for each
B ∈ BX \ {∅} the condition X ∈ N(B) holds iff y ∈ ⋂{clY (e[F ]) | F ∈ X } for
some y ∈ (f [B]).
Remark 4.6.
(a) It seems to be of interest to study the question which special supernear operators are
obtained by given compact (Hausdorff) extensions?
(b) Can it be shown that the above constructed functors are adjoints and, if not, under
which additional condition does this work?
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